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Theorem (Patrick Dehornoy)

B, is left-orderable.
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The Dehornoy ordering

Positive words
A word

n n n
oc=0ctg?. ...k
i " i

is positive if the o; of minimal index j only appears with positive
exponents (e.g. 010201051).

Theorem (Dehornoy)

Every nontrivial element of B, can be represented as a positive or
as a negative element. No element can be represented both as a
positive and negative element.

o N0'20'1 = 020102_N
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Finite generation of the positive cone

Question (Dehornoy-Rolfsen)

Is Pp finitely generated as a semigroup (monoid) ?

Theorem (N)

No: the Dehornoy order is an accummulation point of its own orbit.

Proof [N-Wiest]. For n = 3: the conjugates (=p)s, accummu-
late <p, where hj = Ufloé.



Accummulating the Dehornoy order

. . k
e If w is a 1-positive word: w = 0510105201 Loyt 0102 , then

-1 j . _—j -1 ke—1 key _—J
o] ohwo,lor = 0J(02 0102 01...0y to105 )0y o1

k

= crgoJ+ oy loRoy .. oy toroitoy oy
Thus 0’10’2_jW0’£0'1 is 1-positive for sufficiently large j (namely for
Jj> —k]_).



Accummulating the Dehornoy order

. . k
e If w is a 1-positive word: w = 0510105201 Loyt 0102 , then

-1 j . _—j -1 ke—1 key _—J
o] ohwo,lor = oJ(02 0102 O1...0, 01025)02101

k k
= crgoJ+ oy loRoy .. oy toroitoy oy

Thus 0’10’2_jW0’£0'1 is 1-positive for sufficiently large j (namely for
Jj> —k]_).

o If w is 2-positive: w = ok (k > 0), then...



Accummulating the Dehornoy order

. . k
e If w is a 1-positive word: w = 0510105201 Loyt 0102 , then

-1 j . _—j -1 ke—1 key _—J
o] ohwo,lor = oJ(02 0102 01...0y to105 )0y o1

k

= 0'20‘]+ oy loRoy .. oy toroitoy oy
Thus 0’10’2_jW0’£0'1 is 1-positive for sufficiently large j (namely for
Jj> —k]_).

o If w is 2-positive: w = ok (k > 0), then...

e Finally, (<), is different from < for all positive integers j,

since its smallest positive element is the conjugate of o5 by O';jdl,
and this is different from o5 (the smallest element of <,).
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Nielsen-Thurston orders (Short-Wiest)

Recall that B, is the mapping class group of a closed disk D, with
n punctures. This group acts on the boundary of a region of the
hyperbolic disk fixing a point. We thus get an action on the set of
geodesics starting at the fixed point.

f > g if the endpoint of f(I') is to the right of g(I)

For many geodesics T, this gives a total (left-invariant) ordering
(se so-called Nielsen-Thurston ordering associated to I').



Nielsen-Thurston orders




No isolated Nielsen-Thurston order

Theorem (N-Wiest)

No Nielsen-Thurston order is isolated in the space of braid orders.
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Bi-orders on pure braid groups

Theorem (Kim-Rolfsen)

Pure braid groups are bi-orderable.

Theorem (Rhemtulla-Rolfsen, Dubrovina-Dubrovin)

For n > 5, no bi-order o PB,, extends into a left-order of B,.

m If a left-order restricted to a finite-index subgroup is
Conradian, then it is Conradian.

m For n > 5, the commutator subgroup BJ, is (finitely-generated
and) perfect (hence B, is not locally indicable).
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Stability of the Conrad property

Lemma

If the restriction of a left-order < on I to a finite-index subgroup
g is Conradian, then < is Conradian.

Proof. Let f > id and g > id be in I'. For positive m, n, both ™
and g" belong to g. Hence,

fmg? » g" - g.
Claim: Either fg>~g or fg?" > g.

Otherwise,
g_lfg =< id, g_lfg2" < id.

id < g 'fmg? = (g fg)" (g ") < id.



