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Local: g #id,f € = either fg = f or fg71 = f
Left-invariant: g - h = fg > fh

m
m

m Conrad: left-invariant and f >~ id,g >~ id = dn: fg" >~ g
m Bi-invariant: left-invariant and f = id,g e = fg > g
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Different types of orders

m Local: g #id,f € = either fg = for fg~! = f

m Left-invariant: g - h = fg >~ fh

m Conrad: left-invariant and f > id,g > id = 3n: fg" >~ g
m Bi-invariant: left-invariant and f >~ id,g el — fg > g
m Archimedean: forall f #idand g el = dn: f" >~ g

Theorem (Holder)

Every Archimedean ordered group is ordered-isomorphic to a
subgroup of R.

Idea of Proof. Fix f = id and define

. n _
g — lim —, Ffrl<gm<fn
m—o0 m
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Theorem (Burns-Hale)

Locally indicable groups are left-orderable.

Theorem (Conrad; Brodskii, Rhemtulla-Rolfsen, N)

Local indicability is equivalent to Conrad-orderability:

f—id,g>id = fg" > g forsomen>1
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Theorem (Witte, conjectured by Linnell, Thurston)

Every left-orderable amenable group is locally indicable.

Question

What about left-orderable groups without free subgroups?



Spaces of orderings

I : left-orderable group
LO(T) : set of all left-orders of I



Spaces of orderings

I : left-orderable group
LO(T) : set of all left-orders of I

Topology (Ghys, Sikora)

Two orders are close if they coincide over a large finite set



Spaces of orderings

I : left-orderable group
LO(T) : set of all left-orders of I

Topology (Ghys, Sikora)

Two orders are close if they coincide over a large finite set
(totally disconnected, compact, metrizable).



Spaces of orderings

I : left-orderable group
LO(T) : set of all left-orders of I

Topology (Ghys, Sikora)

Two orders are close if they coincide over a large finite set
(totally disconnected, compact, metrizable).

I acts on LO(I') by conjugacy:



Spaces of orderings

I : left-orderable group
LO(T) : set of all left-orders of I

Topology (Ghys, Sikora)

Two orders are close if they coincide over a large finite set
(totally disconnected, compact, metrizable).

I acts on LO(I') by conjugacy:

i <g 2 iff ghg™ ! < ghg™!



Spaces of orderings

I : left-orderable group
LO(T) : set of all left-orders of I

Topology (Ghys, Sikora)

Two orders are close if they coincide over a large finite set
(totally disconnected, compact, metrizable).

I acts on LO(I') by conjugacy:

1 1

f <g f iff ghg ' < ghg ! iff Ag7! < hg™



Spaces of orderings

I : left-orderable group
LO(T) : set of all left-orders of I

Topology (Ghys, Sikora)

Two orders are close if they coincide over a large finite set
(totally disconnected, compact, metrizable).

I acts on LO(I') by conjugacy:

1 1

f <g f iff ghg ' < ghg ! iff Ag7! < hg™

BO(T): closed subspace



Spaces of orderings

I : left-orderable group
LO(T) : set of all left-orders of I

Topology (Ghys, Sikora)

Two orders are close if they coincide over a large finite set
(totally disconnected, compact, metrizable).

I acts on LO(I') by conjugacy:

1 1

f <g f iff ghg ' < ghg ! iff Ag7! < hg™

BO(T): closed subspace (fixed points of this action).
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(The set of orders for which f is positive must come back to
itself under iterates of g~1.)
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Theorem (Witte, conjectured by Linnell, Thurston)

Every left-orderable amenable group is locally indicable.

Proof:

m Consider the M-action on LO(T): f; <, £ iff gt < fhg !
m [ amenable = it preserves a probability measure on LO(I')

m Poincaré = a pu-generic point < in LO(I') is recurrent:
f—id,gel — fg" = g" forsomen>1
mg>-id = g'-g
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Theorem (Witte, conjectured by Linnell, Thurston)

Every left-orderable amenable group is locally indicable.

Proof:

m Consider the -action on LO(T): fi <, f> iff fig ! < hg !
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A concrete application

Theorem (Witte, conjectured by Linnell, Thurston)

Every left-orderable amenable group is locally indicable.

Proof:
m Consider the -action on LO(T): fi <, f> iff fig ! < hg !

m [ amenable = it preserves a probability measure on LO(I)

m Poincaré = a p-generic point < in LO(I) is recurrent:
f—id,gel — fg" > g" forsomen>1

mg-id = g'>=g = fg">-g

A p-generic < is Conradian !
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Back to Conradian orders: fg" > g for certain n > 1

Lemma

If < is Conradian, then for all positive f, g, one has fg? > g.

Proof [Jiménez]. Assume f > id, g > id, but fg? < g.
m g lfg < id, otherwise g~ 'fg? = (g7 fg)g = id = fg?~ g
mfg<g

Let h:= fg. Then for every n > 1,

" = f(fg)" = f(fg)"*(fg)(fg) < f(fe)" *(fg)g
ffg)"2fg® < f(fg)" g
f(fg)"3fg® < f(fg)" g

< f(fg)g = ffg? < fg = h.
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Criteria of orderability

A group is X-orderable iff for all non-identity elements gi,..., gk
there exist exponents ¢; € {—1,+1} such that:

m X = left: id does not belong to the smallest subsemigroup
containing g;".

m X = bi: id does not belong to the smallest normal
subsemigroup containing gf".

m X= Conrad: id does not belong to the smallest semigroup
containing g{" and that contains all elements of the form
g 1fg? for all f, g therein.
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Conrad-orderability of locally-indicable groups (Brodskii)

Fix nontrivial elements g1,...,gx in I, and denote by S the
semigroup above.

m Take a nontrivial ¢1: (g1,.-.,8k) — (R, +).
Let i1,...,ix be the indices (if any) such that ¢1(g;) = 0.
m Take a nontrivial ¢2: (gi,- .-, &) — (R, +).
Let if,...,i,» be the indices in {ii,..., ik} for which
¢2(gy) = 0.
m Take a nontrivial ¢3: (gjy, . .. ,g,-L”> — (R, +)...

m Choose exponents for generators so that the nonzero ¢ takes
a positive value.

m For every f, g in S for which a certain ¢; is defined, one has

oj(F'af?) = ¢;(f) + ¢(g) > 0.

Moreover, it is “uniformly” positive if for either f or g is
positive.
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A dynamical view of the (non)-Conrad property

A left-order < is non-Conradian iff there exist f, g, u, v in ' such
that

u<fu<fr<gu<gv-<v

/\ gu  gv
u

g g

The lack of the Conrad property generates “interesting dynamics”




