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A General Question

What makes a group being torsion-free ?

Conjecture (Kaplanski)

If Γ is torsion-free, then the group algebra ZΓ has no zero divisors.

∑
i

migi
∑
j

njhj :=
∑
i ,j

minj(gihj); 1 ∼ id

f n = id =⇒ 0 = f n − 1 = (f − 1)(f n−1 + f n−2 + · · ·+ 1)
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The Unique Product Property (UPP)

For all finite subsets A,B, there is an element

f ∈ AB := {gh : g ∈ A, h ∈ B}

that can be written uniquely as f = gh, with g ∈ A and h ∈ B.

Groups with the UPP satisfy Kaplansky zero divisors conjecture.

∑
i

migi
∑
j

njhj :=
∑
i ,j

minj(gihj)

A := {gi}, B := {hj}.

No possible cancellation of the term gh above !
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A torsion-free group without the UPP

UPP implies torsion-free

Theorem (Rips-Segev, Promislow)

There exist torsion-free groups without the UPP.

ΓP := 〈a, b : a2ba2 = b, b2ab2 = a〉

• No torsion: ΓP is a crystallographic group...

• The UPP fails for A = B being equal to{
(ba)2, (ab)2, a2b, aba−1, b, ab−1a, b−1, aba, ab−2, b2a−1, a(ba)2, bab, a, a−1

}



A torsion-free group without the UPP

UPP implies torsion-free

Theorem (Rips-Segev, Promislow)

There exist torsion-free groups without the UPP.

ΓP := 〈a, b : a2ba2 = b, b2ab2 = a〉

• No torsion: ΓP is a crystallographic group...

• The UPP fails for A = B being equal to{
(ba)2, (ab)2, a2b, aba−1, b, ab−1a, b−1, aba, ab−2, b2a−1, a(ba)2, bab, a, a−1

}



A torsion-free group without the UPP

UPP implies torsion-free

Theorem (Rips-Segev, Promislow)

There exist torsion-free groups without the UPP.

ΓP := 〈a, b : a2ba2 = b, b2ab2 = a〉

• No torsion: ΓP is a crystallographic group...

• The UPP fails for A = B being equal to{
(ba)2, (ab)2, a2b, aba−1, b, ab−1a, b−1, aba, ab−2, b2a−1, a(ba)2, bab, a, a−1

}



A torsion-free group without the UPP

UPP implies torsion-free

Theorem (Rips-Segev, Promislow)

There exist torsion-free groups without the UPP.

ΓP := 〈a, b : a2ba2 = b, b2ab2 = a〉

• No torsion: ΓP is a crystallographic group...

• The UPP fails for A = B being equal to{
(ba)2, (ab)2, a2b, aba−1, b, ab−1a, b−1, aba, ab−2, b2a−1, a(ba)2, bab, a, a−1

}



A torsion-free group without the UPP

UPP implies torsion-free

Theorem (Rips-Segev, Promislow)

There exist torsion-free groups without the UPP.

ΓP := 〈a, b : a2ba2 = b, b2ab2 = a〉

• No torsion: ΓP is a crystallographic group...

• The UPP fails for A = B being equal to{
(ba)2, (ab)2, a2b, aba−1, b, ab−1a, b−1, aba, ab−2, b2a−1, a(ba)2, bab, a, a−1

}



Computations in ΓP

Consider triplets (uvw), where each u,v ,w is either an integer or
of the form m̂.

Multiplication rule:

(u1 v1w1)(u2 v2w2) := (u1 ⊕ u2 v1 ⊕ v2 w1 ⊕ w2)

where for m, n in Z:
m⊕n :=m+n, m⊕n̂ :=m̂ + n, m̂⊕n :=m̂ − n, m̂⊕n̂ := m−n

ΓP = 〈a ∼ (10̂0̂), b ∼ (0̂11̂)〉

(002), (002), (2̂11̂), (2̂11̂), (0̂11̂), (0̂11̂), (0̂11̂),

(0̂11̂), (12̂0̂), (12̂0̂), (10̂2̂), (10̂2̂), (10̂0̂), (10̂0̂)
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(part of) the multiplication table

(002) (002) (2̂11̂) (2̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (12̂0̂) (12̂0̂) (10̂2̂) (10̂2̂) (10̂0̂) (10̂0̂)

(002) (004) (000) (2̂13̂) (2̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (12̂2̂) (12̂2̂) (10̂0̂) (10̂4̂) (10̂2̂) (10̂2̂)

(002) (000) (004) (2̂11̂) (2̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (12̂2̂) (12̂2̂) (10̂4̂) (10̂0̂) (10̂2̂) (10̂2̂)

(2̂11̂) (2̂11̂) (2̂13̂) (020) (002) (220) (222) (200) (202) (1̂3̂1) (3̂3̂1) (1̂1̂3) (3̂1̂1) (1̂1̂1) (3̂1̂1)

(2̂11̂) (2̂13̂) (2̂11̂) (002) (020) (202) (200) (222) (220) (1̂1̂1) (3̂1̂1) (1̂1̂1) (3̂1̂3) (1̂1̂1) (3̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (220) (202) (020) (022) (000) (002) (1̂3̂1) (1̂3̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (222) (200) (022) (020) (002) (000) (1̂3̂1) (1̂3̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (200) (222) (000) (002) (020) (022) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (202) (220) (002) (000) (022) (020) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(12̂0̂) (12̂2̂) (12̂2̂) (3̂1̂1) (3̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (200) (000) (222) (022) (220) (020)

(12̂0̂) (12̂2̂) (12̂2̂) (1̂1̂1) (1̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (000) (200) (022) (222) (020) (220)

(10̂2̂) (10̂4̂) (10̂0̂) (3̂1̂3) (3̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (222) (022) (200) (004) (202) (002)

(10̂2̂) (10̂0̂) (10̂4̂) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (022) (222) (004) (200) (002) (202)

(10̂0̂) (10̂2̂) (10̂2̂) (3̂1̂1) (3̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (220) (020) (202) (002) (200) (000)

(10̂0̂) (10̂2̂) (10̂2̂) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (020) (220) (002) (202) (000) (200)



(part of) the multiplication table

(002) (002) (2̂11̂) (2̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (12̂0̂) (12̂0̂) (10̂2̂) (10̂2̂) (10̂0̂) (10̂0̂)

(002) (004) (000) (2̂13̂) (2̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (12̂2̂) (12̂2̂) (10̂0̂) (10̂4̂) (10̂2̂) (10̂2̂)

(002) (000) (004) (2̂11̂) (2̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (12̂2̂) (12̂2̂) (10̂4̂) (10̂0̂) (10̂2̂) (10̂2̂)

(2̂11̂) (2̂11̂) (2̂13̂) (020) (002) (220) (222) (200) (202) (1̂3̂1) (3̂3̂1) (1̂1̂3) (3̂1̂1) (1̂1̂1) (3̂1̂1)

(2̂11̂) (2̂13̂) (2̂11̂) (002) (020) (202) (200) (222) (220) (1̂1̂1) (3̂1̂1) (1̂1̂1) (3̂1̂3) (1̂1̂1) (3̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (220) (202) (020) (022) (000) (002) (1̂3̂1) (1̂3̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (222) (200) (022) (020) (002) (000) (1̂3̂1) (1̂3̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (200) (222) (000) (002) (020) (022) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (202) (220) (002) (000) (022) (020) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(12̂0̂) (12̂2̂) (12̂2̂) (3̂1̂1) (3̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (200) (000) (222) (022) (220) (020)

(12̂0̂) (12̂2̂) (12̂2̂) (1̂1̂1) (1̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (000) (200) (022) (222) (020) (220)

(10̂2̂) (10̂4̂) (10̂0̂) (3̂1̂3) (3̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (222) (022) (200) (004) (202) (002)

(10̂2̂) (10̂0̂) (10̂4̂) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (022) (222) (004) (200) (002) (202)

(10̂0̂) (10̂2̂) (10̂2̂) (3̂1̂1) (3̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (220) (020) (202) (002) (200) (000)

(10̂0̂) (10̂2̂) (10̂2̂) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (020) (220) (002) (202) (000) (200)



(part of) the multiplication table

(002) (002) (2̂11̂) (2̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (12̂0̂) (12̂0̂) (10̂2̂) (10̂2̂) (10̂0̂) (10̂0̂)

(002) (004) (000) (2̂13̂) (2̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (12̂2̂) (12̂2̂) (10̂0̂) (10̂4̂) (10̂2̂) (10̂2̂)

(002) (000) (004) (2̂11̂) (2̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (12̂2̂) (12̂2̂) (10̂4̂) (10̂0̂) (10̂2̂) (10̂2̂)

(2̂11̂) (2̂11̂) (2̂13̂) (020) (002) (220) (222) (200) (202) (1̂3̂1) (3̂3̂1) (1̂1̂3) (3̂1̂1) (1̂1̂1) (3̂1̂1)

(2̂11̂) (2̂13̂) (2̂11̂) (002) (020) (202) (200) (222) (220) (1̂1̂1) (3̂1̂1) (1̂1̂1) (3̂1̂3) (1̂1̂1) (3̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (220) (202) (020) (022) (000) (002) (1̂3̂1) (1̂3̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (222) (200) (022) (020) (002) (000) (1̂3̂1) (1̂3̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (200) (222) (000) (002) (020) (022) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (202) (220) (002) (000) (022) (020) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(12̂0̂) (12̂2̂) (12̂2̂) (3̂1̂1) (3̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (200) (000) (222) (022) (220) (020)

(12̂0̂) (12̂2̂) (12̂2̂) (1̂1̂1) (1̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (000) (200) (022) (222) (020) (220)

(10̂2̂) (10̂4̂) (10̂0̂) (3̂1̂3) (3̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (222) (022) (200) (004) (202) (002)

(10̂2̂) (10̂0̂) (10̂4̂) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (022) (222) (004) (200) (002) (202)

(10̂0̂) (10̂2̂) (10̂2̂) (3̂1̂1) (3̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (220) (020) (202) (002) (200) (000)

(10̂0̂) (10̂2̂) (10̂2̂) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (020) (220) (002) (202) (000) (200)



(part of) the multiplication table

(002) (002) (2̂11̂) (2̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (12̂0̂) (12̂0̂) (10̂2̂) (10̂2̂) (10̂0̂) (10̂0̂)

(002) (004) (000) (2̂13̂) (2̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (12̂2̂) (12̂2̂) (10̂0̂) (10̂4̂) (10̂2̂) (10̂2̂)

(002) (000) (004) (2̂11̂) (2̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (12̂2̂) (12̂2̂) (10̂4̂) (10̂0̂) (10̂2̂) (10̂2̂)

(2̂11̂) (2̂11̂) (2̂13̂) (020) (002) (220) (222) (200) (202) (1̂3̂1) (3̂3̂1) (1̂1̂3) (3̂1̂1) (1̂1̂1) (3̂1̂1)

(2̂11̂) (2̂13̂) (2̂11̂) (002) (020) (202) (200) (222) (220) (1̂1̂1) (3̂1̂1) (1̂1̂1) (3̂1̂3) (1̂1̂1) (3̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (220) (202) (020) (022) (000) (002) (1̂3̂1) (1̂3̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (222) (200) (022) (020) (002) (000) (1̂3̂1) (1̂3̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (200) (222) (000) (002) (020) (022) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (202) (220) (002) (000) (022) (020) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(12̂0̂) (12̂2̂) (12̂2̂) (3̂1̂1) (3̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (200) (000) (222) (022) (220) (020)

(12̂0̂) (12̂2̂) (12̂2̂) (1̂1̂1) (1̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (000) (200) (022) (222) (020) (220)

(10̂2̂) (10̂4̂) (10̂0̂) (3̂1̂3) (3̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (222) (022) (200) (004) (202) (002)

(10̂2̂) (10̂0̂) (10̂4̂) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (022) (222) (004) (200) (002) (202)

(10̂0̂) (10̂2̂) (10̂2̂) (3̂1̂1) (3̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (220) (020) (202) (002) (200) (000)

(10̂0̂) (10̂2̂) (10̂2̂) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (020) (220) (002) (202) (000) (200)



(part of) the multiplication table

(002) (002) (2̂11̂) (2̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (12̂0̂) (12̂0̂) (10̂2̂) (10̂2̂) (10̂0̂) (10̂0̂)

(002) (004) (000) (2̂13̂) (2̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (12̂2̂) (12̂2̂) (10̂0̂) (10̂4̂) (10̂2̂) (10̂2̂)

(002) (000) (004) (2̂11̂) (2̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (12̂2̂) (12̂2̂) (10̂4̂) (10̂0̂) (10̂2̂) (10̂2̂)

(2̂11̂) (2̂11̂) (2̂13̂) (020) (002) (220) (222) (200) (202) (1̂3̂1) (3̂3̂1) (1̂1̂3) (3̂1̂1) (1̂1̂1) (3̂1̂1)

(2̂11̂) (2̂13̂) (2̂11̂) (002) (020) (202) (200) (222) (220) (1̂1̂1) (3̂1̂1) (1̂1̂1) (3̂1̂3) (1̂1̂1) (3̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (220) (202) (020) (022) (000) (002) (1̂3̂1) (1̂3̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (222) (200) (022) (020) (002) (000) (1̂3̂1) (1̂3̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (200) (222) (000) (002) (020) (022) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (202) (220) (002) (000) (022) (020) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(12̂0̂) (12̂2̂) (12̂2̂) (3̂1̂1) (3̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (200) (000) (222) (022) (220) (020)

(12̂0̂) (12̂2̂) (12̂2̂) (1̂1̂1) (1̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (000) (200) (022) (222) (020) (220)

(10̂2̂) (10̂4̂) (10̂0̂) (3̂1̂3) (3̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (222) (022) (200) (004) (202) (002)

(10̂2̂) (10̂0̂) (10̂4̂) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (022) (222) (004) (200) (002) (202)

(10̂0̂) (10̂2̂) (10̂2̂) (3̂1̂1) (3̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (220) (020) (202) (002) (200) (000)

(10̂0̂) (10̂2̂) (10̂2̂) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (020) (220) (002) (202) (000) (200)

there is no “direction” to “escape”...



(part of) the multiplication table

(002) (002) (2̂11̂) (2̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (0̂11̂) (12̂0̂) (12̂0̂) (10̂2̂) (10̂2̂) (10̂0̂) (10̂0̂)

(002) (004) (000) (2̂13̂) (2̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (12̂2̂) (12̂2̂) (10̂0̂) (10̂4̂) (10̂2̂) (10̂2̂)

(002) (000) (004) (2̂11̂) (2̂13̂) (0̂11̂) (0̂13̂) (0̂11̂) (0̂13̂) (12̂2̂) (12̂2̂) (10̂4̂) (10̂0̂) (10̂2̂) (10̂2̂)

(2̂11̂) (2̂11̂) (2̂13̂) (020) (002) (220) (222) (200) (202) (1̂3̂1) (3̂3̂1) (1̂1̂3) (3̂1̂1) (1̂1̂1) (3̂1̂1)

(2̂11̂) (2̂13̂) (2̂11̂) (002) (020) (202) (200) (222) (220) (1̂1̂1) (3̂1̂1) (1̂1̂1) (3̂1̂3) (1̂1̂1) (3̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (220) (202) (020) (022) (000) (002) (1̂3̂1) (1̂3̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (222) (200) (022) (020) (002) (000) (1̂3̂1) (1̂3̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂11̂) (0̂13̂) (200) (222) (000) (002) (020) (022) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1) (1̂1̂1)

(0̂11̂) (0̂13̂) (0̂11̂) (202) (220) (002) (000) (022) (020) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂1)

(12̂0̂) (12̂2̂) (12̂2̂) (3̂1̂1) (3̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (200) (000) (222) (022) (220) (020)

(12̂0̂) (12̂2̂) (12̂2̂) (1̂1̂1) (1̂3̂1) (1̂1̂1) (1̂1̂1) (1̂3̂1) (1̂3̂1) (000) (200) (022) (222) (020) (220)

(10̂2̂) (10̂4̂) (10̂0̂) (3̂1̂3) (3̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (222) (022) (200) (004) (202) (002)

(10̂2̂) (10̂0̂) (10̂4̂) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (1̂1̂1) (1̂1̂3) (022) (222) (004) (200) (002) (202)

(10̂0̂) (10̂2̂) (10̂2̂) (3̂1̂1) (3̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (220) (020) (202) (002) (200) (000)

(10̂0̂) (10̂2̂) (10̂2̂) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (1̂1̂1) (020) (220) (002) (202) (000) (200)

there is no “direction” to “escape”...



Fields of cones

If Γ admits a “good field of directions”, then it satisfies the UPP.

Directions: to each f ∈ Γ we associate a cone Pf ⊂ Γ such that:

id /∈ Pf

for all g 6= id and f ∈ Γ, either g ∈ Pf or g−1 ∈ Pf

g ∈ Pf , h ∈ Pfg =⇒ gh ∈ Pf
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Fields of cones

If Γ admits a “good field of directions”, then it satisfies the UPP.

Directions: to each f ∈ Γ we associate a cone Pf ⊂ Γ such that:

id /∈ Pf

for all g 6= id and f ∈ Γ, either g ∈ Pf or g−1 ∈ Pf

g ∈ Pf , h ∈ Pfg =⇒ gh ∈ Pf



Good situation:

f

fg

fgh

g ∈ Pf , h ∈ Pfg =⇒ gh ∈ Pf



Bad situation:

f

fg

fgh

g ∈ Pf , h ∈ Pfg , but gh /∈ Pf



Fields of cones vs UPP

If Γ admits a “good field of directions”, then it satisfies the UPP.

Directions: to each f ∈ Γ we associate a cone Pf ⊂ Γ such that:

id /∈ Pf

for all g 6= id and f ∈ Γ, either g ∈ Pf or g−1 ∈ Pf

g ∈ Pf , h ∈ Pfg =⇒ gh ∈ Pf



Fields of cones vs UPP

If Γ admits a “good field of directions”, then it satisfies the UPP.

Question: does the converse holds ?

Directions: to each f ∈ Γ we associate a cone Pf ⊂ Γ such that:

id /∈ Pf

for all g 6= id and f ∈ Γ, either g ∈ Pf or g−1 ∈ Pf

g ∈ Pf , h ∈ Pfg =⇒ gh ∈ Pf



Local orders

Field of cones −→ (local) order:

f � g iff g−1f ∈ Pg

Main property: for all f ∈ Γ and g 6= id , either fg � f or fg−1 � f
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From local to left orders

If Pf does not depend on f :

Γ = P t P−1 t {id}
P is a semigroup

Associated order: f � g iff g−1f ∈ P

This order is total and left-invariant: g � h =⇒ fg � fh

• Many examples: torsion-free Abelian (nilpotent) groups, free
groups, torsion-free 1-relator groups, Thompson’s group F , braid
groups, π1 of orientable surfaces, π1 of hyperbolic 3-manifolds up
to a finite cover...
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Another fundamental question

Question (Linnell)

Does there exist a non left-orderable group admitting a local order
(having the UPP) ?

Such a group cannot be amenable (Linnell-Witte)

Left (even local !) orderability is an open question for:

Garside groups (Dehornoy-Paris, Dehornoy)

lattices in higher-rank simple Lie groups
(finite index subgroups of SL(n,Z), n ≥ 3; Witte)

Kazhdan groups (Thurston, N)

π1 of certain closed hyperbolic 3-manifolds
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On 3-manifolds

On left-orderability of 3-manifold groups:

Roberts-Shareshian-Stein: p ≥ 2q > 1
π1(Mp,q,m) = 〈a, b, t : at = abam−1, bt = a−1, tb[a, b]q = id〉.

Weeks’ manifold:
π1(W ) = 〈a, b : bababa−1b2a−1 = ababab−1a2b−1 = id〉.

Many examples of left-orderable and non left-orderable groups
(D.Calegari-Dunfield, Dabkowski-J.Przytycki-Togha,
Boyer-Rolfsen-Wiest).

(Agol) These groups contain a finite-index left-orderable
subgroup.
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An idea coming from Topology

Theorem (Delzant, Bowditch, Chiswell)

If an hyperbolic closed manifold has a “large enough” injectivity
radius, then it admits a local order.

Question

Does there exist a sequence of closed hyperbolic 3-manifolds with
non left-orderable π1 and whose injectivity radii go to infinite ?



An idea coming from Topology

Theorem (Delzant, Bowditch, Chiswell)

If an hyperbolic closed manifold has a “large enough” injectivity
radius, then it admits a local order.

Question

Does there exist a sequence of closed hyperbolic 3-manifolds with
non left-orderable π1 and whose injectivity radii go to infinite ?



Non left-orderability of finite index subgroups of SL(3,Z)

Fix a left-invariant total order � on Γ ⊂ SL(3,Z), and define:

|g | :=

{
g if g � id ,
g−1 if g � id ,

g � h if g � hn for all n≥1.

For a large-enough k, the following elements are in Γ:

g1 =

 1 k 0
0 1 0
0 0 1

 , g2 =

 1 0 k
0 1 0
0 0 1

 , g3 =

 1 0 0
0 1 k
0 0 1

 ,

g4 =

 1 0 0
k 1 0
0 0 1

 , g5 =

 1 0 0
0 1 0
k 0 1

 , g6 =

 1 0 0
0 1 0
0 k 1

 .
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Non left-orderability of finite index subgroups of SL(3,Z)

gigi+1 = gi+1gi , [gi−1, gi+1] = gk
i .

For each i , one can choose a, b, and c that are positive with
respect to �, such that either

a = g±1
i−1, b = g±1

i+1, c = g±k
i or a = g±1

i+1, b = g±1
i−1, c = g±k

i ,

and
ac = ca, bc = cb, aba−1b−1 = c−1.

Claim. Either a� c or b � c .
Proof. Assume cn � a and cn � b, and let

dm := ambm(a−1cn)m(b−1cn)m � id .

dm = c−m2+2mn ≺ id for m > 2n.
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Non left-orderability of finite index subgroups of SL(3,Z)

End of the proof. We know that

either |gi | � |gi−1| or |gi | � |gi+1|.

If |g1| � |g2|, then

|g1| � |g2| � |g3| � |g4| � |g5| � |g6| � |g1|.

Analogously if |g1| � |g2|...

Remark

Morris-Witte proves non left-orderability for many other
higher-rank lattices (see also Lifschitz-Witte), but the question is
still open in general.
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